MATH 124B: HOMEWORK 2

Suggested due date: August 15th, 2016

(1) Consider the geometric series Z(—l)”x%.
n=0
(a) Does it converge pointwise in the interval —1 < z < 17
(b) Does it converge uniformly in the interval —1 < z < 17
(c) Does it converge in the L? sense in the interval —1 < z < 17
(2) Let f(z) be a function on (—L, L) that has a continuous derivative and satisfies the periodic
boundary conditions. Let a, be the Fourier cosine coefficients and b, be the Fourier

sine coefficients of f(x) and let a!, and b/, be the corresponding Fourier coefficients of its
derivative f’(z). Show that

bn
a, = m; and b, =

Deduce from this that there is a constant k& independent of n such that

—nma,

for n # 0.

k
|an| + |bn| < — for all n.
n
Note, this does not mean that the differentiated series converges.

(3) If f(x) is a piecewise continuous function in [—L, L], show that its indefinite integral

F(x) = ; f(s)ds has a Full Fourier series that converges pointwise.

(4) Write this convergent series for f(z) explicitly in terms of the Fourier coefficients ag, a,
and b, of f(z). Why does this imply that we can integrate the terms of the Fourier series
term by term?

— 1
(5) Find the sum E —-
n
n=1

L
(6) Prove the inequality L/ (f'(x))*dz > (f(L) — £(0))? for any real function f(r) whose
0
derivative f’(z) is continuous.

(7) Show that if f(x) is a C' function in [—7, 7] that satisfies the periodic boundary condition

and if [T f(xz) =0, then
[ ispac< [ irpas

This inequality is known as Wirtinger’s inequality and is used in the proof of the isoperi-
metric inequality.
1
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SOLUTIONS

1. a. We will show that
> 1

Using the formula

we have
i( 2)n 1 ( Zz )N+1
—x —
2
—~ 14z
Hence,
N
1 2N+2
Z<_x2)n N 2| - 2
— 1+ 1+
Since |z| < 1, the right hand side goes to 0 as N — 0.
b. We have
al 1 1
2\n
su —r)" - ——| > =
o nzzo( ST e 7

(why does the above hold independent of N7) hence does not converge uniformly.

c. The L? norm is
1 AN+4 1
T 2
—dr <2 ANHA 1y = —0
/1(1+x2)2x_ /Ox YT UN+5

as N — 0o. (Why does the first inequality hold?)

2. The coefficients are given by

and
;L:%fL f'(z) cos(®x)dx
b’—%f f'(z) sin(%Ex)dx
Integrating by parts,
1 /L
T Lf’ cos Ydx
1 L
=7/ f(z)(cos(—x)) dx
= [ s
=/, z) sin(—=x)dw
nm
_ 1y,
L
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(why does the boundary term in the integration by parts vanish?) Similar for the other case.
Therefore, we have

L
n bn:_ n/ bn/
bl = - (af + b))

Now

MA—'/’f cos( ")z

sL/|<nm<m

hence we obtain a constant independent of n.

3. Since F(z) is differentiable, with F'(z) = f(x) piecewise continuous, we can apply the
pointwise convergence theorem for classical Fourier series.
4. Let A,, B, be the Fourier coefficients of F(z).

1 /L
A, = —/ F(x) cos(n%x)dx

L
(/f jis ) disin("-)

™

=—— f( ) sin(— 7 —z)dz

(why does the boundary term for integration by parts vanish?) and similarly we can show

L
B, = —a,
nmw
Therefore
1 > nm . N7
F({L‘) = §AO + Z An COS(TZE) + Bn Sln(fl')
= —Ao + Z b cos —x) + £an sin(nlx).
nmw L

now if we formally integrate f, assuming that ag = 0. Then we have,

/f ds-/ Zancos —s)+b Sm(ngs)ds

which equals F(z) except for a constant. In fact, if ag # 0, then the indefinite integral is no longer
a Fourier series, however the convergence of the infinite sum is guaranteed.
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[o.¢]
1 2
5. This can be done in a number of ways. We will need to use the fact that Z 2= and
n
- . 7T4 n=1
= g0 First compute the Fourier sine series for 22 on the interval (0, 1), which gives the
n
=1
coefficients

2

—_ m even
Am — { mm

2. 2
% m odd.

By Parseval’s identity, we have

[e.e]

1 1
Z \Am|2/ sin?(mmxr)da :/ atdx
0 0

m=1

Therefore,

4, 4 32 64 2
Z ﬁﬁ + Z (m27r2 Y + mGﬂ-G) 5

m even m odd

Now the 1/m? term is known and the odd part of 1/m?* can be computed from the whole series by

1 =1 m
- _|_ e
%; ma mz::I (2m)* 90
1 4
hence Z ol = 3—6 Hence
m odd
64 1
vied mé 15
m odd
1 . ..
or Z — = . Since the whole series is the even and the odd terms and the even terms are
S—=m 960
=1 1 1
Z 576 = 61 — therefore
m=1 ( m) m=1 m
L= mb 945

6. Apply Cauchy-Schwarz with f’ and 1.

7. From the assumption, we know that for the Fourier coefficient of f, Ay = 0. By Parseval’s
equality, we have

JREEES SINETNG)
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Note that [* X2 = for X,, = cos(nz) and X,, = sin(nz). It was shown before that A, = —B],
and B, = + A hence

s

7Y (A’ +|Bu*) <7 ) (1AL + 1B, ) =/ (f")*da

—Tr

Note that A, = f_ﬁﬂ f'de = f(r) — f(—m) = 0 by the periodic boundary condition. (Further
consideration: When is the inequality an equality? Which part of the proof will give us an idea
of what type of function will be an equality? The equality case gives us a hint as to why this
inequality is related to the isoperimetric inequality.)
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